Abstract. In this article, we determine the function (Sg,p) such that the right-angled Artin group G(Pm) is embedded in the mapping class group Mod(Sg,p) if and only if m is not more than (Sg,p). Using this function and Birman-Hilden theory, we prove that Mod(S 0,p ) is virtually embedded in Mod(S g,0 ) if and only if p ≤ 2g + 2.
Introduction
Let Γ be a finite graph without loops and multi-edges. We denote by V (Γ) and E(Γ) the vertex set and the edge set of Γ, respectively. The right-angled Artin group on Γ is defined by the following group presentation:
if and only if {v i , v j } ∈ E(Γ) .
For two groups G 1 and G 2 , we write G 1 ≤ G 2 if there is an embedding of G 1 into G 2 , that is, an injective homomorphism G 1 → G 2 . A subgraph Λ of a graph Γ is called induced if any vertices u and v of Λ with {u, v} ∈ E(Γ) span an edge in Λ. We write Γ 1 ≤ Γ 2 for two graphs Γ 1 and Γ 2 if Γ 1 is isomorphic to an induced subgraph of Γ 2 . Let S = S b g,p be the connected orientable surface of genus g with p punctures and b boundary components, and we put S g,p = S We denote by Mod(S b g,p ) the mapping class group of S b g,p , the group of orientationpreserving homeomorphisms of S b g,p , fixing the punctures setwise and boundary components pointwise, up to isotopy relative to the boundary. The curve graph of S is the graph whose vertices are isotopy classes of curves on S and whose edges are given by pairs of isotopy classes of curves that can be realized disjointly. The complement graphΓ of Γ is the graph with the vertex set V (Γ) and the edge set E(Γ) = {{u, v} | u, v ∈ V (Λ), {u, v} / ∈ E(Λ)}. In this paper, we use the complement graph of the curve graph, which is denoted byC(S), rather than the original curve graph. Koberda's embedding theorem [17, Theorem 1.1] asserts that if the Euler characteristic of an orientable surface S is negative, then Γ ≤C(S) implies G(Γ) ≤ Mod(S). We write B p for the braid group on p strands, which is identified with Mod(S 1 0,p ), the group of orientation preserving homeomorphisms of S 1 0,p , fixing the punctures setwise and the boundary pointwise, up to isotopy relative to the boundary. Besides, P B p denotes the pure braid group on p strands, which is the subgroup of B p consisting of the elements fixing the punctures point-wise.
In 2015 Kim-Koberda [16, Corollary 1.2 (1)] proved that for any graph Γ there is p ≥ 1 such that G(Γ) ≤ P B p . Then the following problem naturally arises. Problem 1.1. For a graph Γ and a non-negative integer p, decide whether G(Γ) ≤ P B p or not.
The following problem [15, Question 1.1] in the case where g = 0 is closely related to the above problem. Problem 1.2. Let Γ be a finite graph and (g, p) a pair of non-negative integers. Decide whether G(Γ) ≤ Mod(S g,p ) or not.
Let P m denotes the path graph on m vertices, that is, the graph whose vertices is listed in the order v 1 , v 2 , . . . , v m such that the edges are {v i , v i+1 } where i = 1, 2, . . . , m − 1. Some of previous studies concerning embeddings of rightangled Artin groups into mapping class groups are as follows. Birman-LubotzkyMcCarthy [5, Theorem A] proved that if G is an abelian subgroup of Mod(S g,p ), then G is finitely generated and the rank of G is at most ξ(S g,p ) := 3g − 3 + p. We call ξ(S g,p ) the topological complexity of the surface S g,p . Besides, using the chromatic numbers of graphs, Kim-Koberda [15, Theorem 1.2] proved that, for any orientable surface S with negative Euler characteristic and for any positive integer M , there is a finite graph Γ M , there is a finite graph Γ S,M with combinatorial girth M such that G(Γ S,M ) ≤ Mod(S). Furthermore, Bering IV-Conant-Gaster [4] introduced a graph invariant called the nested complexity length NCL(Γ), and proved that G(Γ) ≤ Mod(S g,p ) implies NCL(Γ) ≤ 6g − 6 + 2p (see [4, Corollary 10] ). Let F 2 be the free group of rank 2, and we regard the direct product F 2 × F 2 × · · · × F 2 as G(P 2 P 2 · · · P 2 ). Then [12, Lemma 5.4] proved that F 2 × F 2 × · · · × F 2 ≤ Mod(S g,p ) if and only if the number of the direct factors is not more than g − 1 + g+p 2 . In this paper, we prove the following theorem, which gives the answer for the path graphs to Problem 1.2.
if and only if m satisfies the following inequality.
Let C m be the cyclic graph on m ≥ 3 vertices, that is, the graph that consists of m vertices and the underlying space is homeomorphic to a circle. We also give the following partial answer to Problem 1.1. (1) G(P m ) is embedded into B p and P B p if and only if m satisfies
(2) G(C m ) is embedded into B p and P B p if and only if m satisfies
We next describe some corollaries of Theorems 1.3 and 1.4 on embeddings of finite index subgroups of mapping class groups. Homomorphisms B 2g+1 → Mod(S 1 g,0 ) and B 2g+2 → Mod(S 2 g,0 ), which map the standard generators as an Artin group to the Dehn twists along a chain of interlocking simple closed curves, are injective by a theorem due to Birman-Hilden (see [8, Chapter 9] ). In addition to this construction, the inclusions S (
In the above theorem, we say that a group G is virtually embedded into a group H if there is a finite index subgroup K of G such that K ≤ H. Note that the braid groups are residually finite, and hence there are infinitely many finite index subgroups in each braid group on ≥ 2 strands. We also note that theorems due to Castel [6, Theorems 2 and 3] with a bit argument imply the following:
Therefore, a part of Theorem 1.5 follows from Castel's results. The inequalities in Theorem 1.5 (2), (3) and (4) are optimum by the construction of embeddings described above. However, Theorem 1.5 (1) seems to be not optimum (see Remark 5.1). To refine Theorem 1.5 (1), we need another argument. In general, we are interested in relation between surface topology and the virtual embeddability between mapping class groups. In this paper, using Theorem 1.3 and Birman-Hilden theory, we obtain the following virtual embeddability result between mapping class groups. Theorem 1.6. Let g be an integer ≥ 2. Then Mod(S 0,p ) is virtually embedded in Mod(S g,0 ) if and only if p ≤ 2g + 2.
We note that residual finiteness of mapping class groups ([8, Theorem 6.11] and [9] ) guarantees that a large supply of finite index subgroups of the mapping class groups.
In this paper, we obtain the following corollary of Theorem 1.3.
Corollary 1.7. Let g and g be integers ≥ 2. Suppose that Mod(S g,p ) is virtually embedded into Mod(S g ,p ). Then the following inequalities (1) and (2) hold:
For a more precise statement of Corollary 1.7, see Theorems 5.2 and 2.2. The inequality (1) follows from Birman-Lubotzky-McCarthy's result, and so the new part of the above corollary is the inequality (2). Remark 1.8. We can see that if (3g + p, 2g + p) = (3g + p , 2g + p ), then (g, p) = (g , p ). Hence, if the following conditions are satisfied, then we have (g, p) = (g , p ) by Corollary 1.7:
• the genera g and g are not less than 2, is induced by a surface embedding when g ≥ 6 and g ≤ 2g − 1 (in case g = 2g − 1, further assume p = 0). Note that Corollary 1.7 is not an immediate corollary of theorems due to Ivanov-McCarthy and Aramayona-Souto described above. For all m ≥ 0, there are infinitely many pairs of surfaces, S g,p and S g ,p , such that no finite index subgroup of Mod(S g,p ) is embedded into Mod(S g ,p ), and the inequalities ξ(S g ,p ) − ξ(S g,p ) ≥ m and g < 6 hold. In fact, by setting S g,p = S 2,2m+3+n and S g ,p = S m+3,n , where n is any nonnegative integer, we obtain infinite pairs satisfying the desired properties. To see that no finite index subgroup of Mod(S 2,2m+3+n ) is embedded into Mod(S m+3,n ), use the inequality (2) in Corollary 1.7. This paper is organized as follows. Section 2 is devoted to discuss realizability of certain curve systems on surfaces in order to deduce Theorems 1.3 and 1.4. In Section 3, we discuss embeddings of right-angled Artin groups into surface mapping class groups from combinatorial view-point for the sake of introducing an obstruction to the existence of embeddings. We prove Theorems 1.3 and 1.4 in Section 4. Virtual embeddability between mapping class groups are discussed in Section 5; in particular, Theorems 1.5 and 1.6, and Corollary 1.7 are proved.
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Linear chains on surfaces
In this section we only discuss the surfaces with boundary and without puncture in order to consider "properly embedded arcs". Theorem 2.2, the main result in this section, is easily translated into an equivalent result on the surface without boundary and with punctures. Therefore we will denote by S p g a compact connected orientable surface of genus g with p boundary components and without puncture. An arc δ on a surface S is called properly embedded if δ ∩ ∂S = ∂δ. A properly embedded arc δ on S is called essential if it is not isotopic rel ∂δ into ∂S. A simple closed curve α on S is called essential if it does not bound a disk and it is not isotopic to a boundary component of S. We denote by N (α) a regular neighbourhood of an arc or a curve α, and by IntN (α) the interior of N (α). From now on, we consider only properly embedded essential simple arcs and essential simple closed curves. Definition 2.1. For two closed curves α and β, we denote the geometric intersection number by i(α, β). A sequence {α 1 , α 2 , . . . , α m } of closed curves on S p g is called a linear chain if this sequence satisfies the following.
• Any two distinct curves α i and α j are non-isotopic.
• Any two consecutive curves α i and α i+1 are in minimal position and satisfy i(α i , α i+1 ) > 0.
• Any two non-consecutive curves are disjoint. If {α 1 , α 2 , . . . , α m } is a linear chain, we call m its length. By (S 
By induction on the ordered pair (g, p) and a surface cutting argument, we prove this theorem. To proceed the induction, we need the following two lemmas. Lemma 2.3. The following (1) and (2) hold.
(
where g 1 , p 1 , g 2 and p 2 are natural numbers satisfying
where g 1 , p 1 , g 2 and p 2 are natural numbers satisfying Figure 1 .
Lemma 2.4. Let S = S p g be a compact connected orientable surface. Then the following (1) and (2) hold.
, where δ is any connected componen of α m ∩ S intersecting with α m−1 .
We can prove Lemma 2.3 by computing Euler characteristic, and so we only prove Lemma 2.4.
Proof of Lemma 2.4. (1)
The first assertion follows from the fact that none of essential closed curves α 1 , . . . , α m−2 is isotopic to α m , and hence α 1 , . . . , α m−2 are essential in S \IntN (α m ). The second assertion follows from the fact that α m−1 and α m are in minimal position and hence any component δ of α m−1 ∩ S is essential.
(2-i) Suppose that a curve α i is isotopic into ∂S ∪ δ. Then according to whether ∂δ lies in a single boundary component C or ∂δ joins two boundary components C 1 with C 2 , we have the following. In each case any closed curve in S which intersects with α i non-trivially and minimally must intersect with δ. Hence, we have i = 1 and m = 2. (1) and (2) hold.
(1) (S (1) and (2) hold.
(1) We have (S Proof. Figure 3 shows (S p 1 ) ≥ p + 2 for any p ≥ 2. We shall prove the remainder of the assertion of Lemma 2.8 by induction on p.
Case p = 2.
(1) Notice that any linear chain of length 5 on S (1) and (2) hold:
(1) (S Proof. We first prove the assertion in the case where g = 2.
Case g = 2, p = 0.
(1) Figure 4 shows (S Since S 0 2 is a closed surface, there is no properly embedded arc on this surface, and therefore the assertion (2) makes no sense in this case.
Case g = 2, p = 1.
(1) Figure 4 shows (S Case g = 2, p ≥ 2.
(1) Figure 5 shows (S p 2 ) ≥ 5+p = 2g +p+1. We now suppose that {α 1 , . . . , α m } is a linear chain on S 
Lemmas 2.5, 2.6 (2), 2.7, 2.8 (2) and the induction hypothesis show that m − 1 ≤ p + 2, which means m ≤ p + 3.
Case g ≥ 3.
(1) Figure 5 shows (S 
For the pairs (g , p ) of the genera g and the numbers p of the punctures, we consider the function
Note that this function represents the maximum length of the linear chains in the chained pairs on the surfaces S g ,p . If (g , p ) runs all possible pairs of non-negative integers, the maxima of f for g = 0, 1, 2, . . . , g (g ≥ 3) are
• f (g, p − 1) = 2g + p − 2, respectively. Since g ≥ 3, the value f (g − 1, p + 2) = 2g + p − 1 (≥ p + 5) is the largest number among all such values. Thus, we have m − 2 ≤ 2g + p − 1, namely, m ≤ 2g + p + 1, as desired.
(2) Let S p g be a connected component of S p g \ IntN (δ), which contains a chained pair ({α 1 , . . . , α m−1 }, δ ), in the assertion of Lemma 2.4 (1). Then, by Lemma 2.3 (2), one of the following holds:
runs all possible pairs of numbers, the maxima of the function f defined above for g = 0, 1, 2, . . . , g are
• f (g, p − 1) = 2g + p − 2, respectively. Since g ≥ 3, the value f (g − 1, p + 2) = 2g + p − 2 (≥ p + 4) is the largest number among all such values. Thus we have m − 1 ≤ 2g + p − 2, namely, m ≤ 2g + p − 1, as desired.
By combining Lemmas 2.5, 2.6, 2.7, 2.8 and 2.9, we obtain Theorem 2.2.
Path lifting
From Section 3, we will mainly consider the orientable surfaces of genus g with p punctures and denote it by S g,p . In this section we discuss embeddings of rightangled Artin groups from combinatorial view-point. Main purpose of this section is to introduce path lifting obstruction (Lemma 3.9) on embeddings of right-angled Artin groups into surface mapping class groups.
We first note a basic fact on right-angled Artin groups without a proof.
Lemma 3.1. Let Γ be a finite graph. Then the following hold.
(1) For any non-zero integer m, the power endomorphism f : We now restate an important result due to Kim-Koberda [15, Lemma 2.3] on embeddings of right-angled Artin groups into surface mapping class groups. • For any vertex v ∈ V (Λ), there are self-homeomorphisms f v,1 , . . . , f v,mv of S g,p and and non-zero numbers e (v, 1), . . . , e (v, m v ) such that 
induces an embedding of the anti-commutation graph of X intoC(S g,p ) as an induced subgraph. Here, the anti-commutation graph X of given elements g 1 , . . . , g n in a group G is the graph such that V (X ) = {g 1 , . . . , g n }, and two vertices g i and g j span an edge if and only if g i and g j are not commutative in G. By Y we denote the subgraph ofC(S g,p ) induced by Y .
• The natural homomorphism
is an embedding. 
Consider the set of the Dehn twists
s(v,i) with α v,i . Note that the power endomorphism
is an embedding by and
we obtain a homomorphism ψ :
. The homomorphism ψ is injective, because φ, ψ 0 , η −1 and ι 0 are injective, and ψ = ι Figure 6 . A multi-valued homomorphism between two copies of P 3 , which is not a map. In fact, the uppermost vertex of upper P 3 is mapped to the two endpoints of lower P 3 .
The identity ψ = ι
We say that a homomorphism ψ : G(Λ) → Mod(S g,p ) satisfies condition (KK) or Kim-Koberda's condition if ψ(v) is a product of mutually commutative Dehn twists on S g,p for all v ∈ V (Γ). In order to understand homomorphisms with (KK) condition graph theoretically, we introduce the following correspondence between graphs. Definition 3.3. Let Λ and Γ be graphs. A multi-valued homomorphism φ : Γ Λ is a correspondence from V (Γ) to V (Λ) satisfying the following.
(0) The vertex-image φ(v) is a non-empty set of vertices for any v ∈ V (Γ).
(1) If v 1 , v 2 ∈ V (Γ) are adjacent, then any pair of vertices u 1 and u 2 , where u 1 ∈ φ(v 1 ) and u 2 ∈ φ(v 2 ), are adjacent. A simple example of multi-valued homomorphisms is illustrated in Figure 6 . Note that the axiom (1) generalizes the axiom of graph homomorphism. Here, a map φ : V (Γ) → V (Λ) between the vertex sets of two graphs is called a graph homomorphism if φ maps any pair of adjacent vertices to a pair of adjacent vertices. A graph homomorphism satisfies the above axioms (0) and (1), and hence it is a multi-valued homomorphism.
Homomorphisms with condition (KK) can be translated into multi-valued homomorphisms.
Proposition 3.4. Suppose that a homomorphism ψ : G(Λ) → Mod(S g,p ) satisfies condition (KK). Namely, for each vertex u ∈ V (Λ), there are mutually commutative Dehn twists T u,1 , . . . , T u,mv and non-zero numbers e(u, 1), . . . , e(u, m u ) such that
This proposition also shows that, for any multi-valued homomorphism, φ : Γ Λ, between two finite graphs, the map ψ :
is a homomorphism between corresponding right-angled Artin groups.
Corollary 3.7. Let p : Γ → Λ be a covering map between finite graphs. Then there is an embedding G(Λ) → G(Γ).
Proof. We have a homomorphism F :
which is the composition of the following two maps. The first one is a homomorphism
induced by the covering map p (Proposition 3.6). The second one is a homomorphism π p : G(Γ) → G(Λ) : x → p(x). We will prove that F = π p •ψ is an embedding; then so is ψ. We first check that π p is indeed a (surjective) homomorphism. Let x and y be non-adjacent vertices of Γ. Since p is a covering map, {p(x), p(y)} ∈ E(Λ) implies {x, y} ∈ E(Γ). Hence, p(x) and p(y) must be non-adjacent. Thus, π p is a homomorphism, and so F is also a homomorphism. In addition, the surjectivity of the covering map p implies that #p −1 (u) > 0 for all u ∈ V (Λ). By Lemma 3.1 (1), it follows that F is an embedding, and therefore ψ is an embedding. 
An injective graph homomorphism ι : Λ → Γ is said to be a full embedding if ι(Λ) is an induced subgraph of Γ. Proposition 3.9. Let φ : Γ Λ be the multi-valued homomorphism induced by an embedding ψ : G(Λ) → Mod(S g,p ) with condition (KK), where Γ is a finite induced subgraph ofC(S g,p ). Then, for any full embedding ι : P n → Λ, there is a full embeddingι : P n → Γ such that ι = φ •ι. In particular, we have P n ≤C(S g,p ).
Proof. Case n = 1. We have only to show that ψ(u) = 1 for all u ∈ V (Λ), because
However, since ψ is injective, ψ(u) = 1 for all u ∈ V (Λ). Case n = 2. Let w 1 and w 2 be the endpoints of P 2 . Set u i := ι(w i ) (i = 1, 2). Then the commutator u 1 u 2 u 1, 2) . Thus, by setting w i → v i , we have a full embeddingι :
Case n = 3. Using Koberda's embedding theorem, we have G(Γ) ≤ Mod (S g,p ) . Moreover, the composition of sufficiently large power endomorphism of G(Λ) and ψ together with Lemma 3.1 allows us to have an embedding ψ : G(Λ) → G(Γ) with condition (KK). We label the vertices of ι(P 3 ) so that u 1 and u 2 are adjacent, and that u 2 and u 3 are adjacent. Let supp(ψ(u i )) (i = 1, 2, 3) denotes the subset of V (Γ) representing a shortest word of ψ(u i ) with respect to the group presentation G(Γ). Restricting ψ to the subgroup G(ι(P 3 )), we have an embedding ψ : (G (ι(P 3 )) ) → G(Γ) satisfying condition (KK). Moreover, since G(ι(P 3 )) ∼ = Z * Z 2 is centerless and since P 3 does not contain P 2 P 2 as a subgraph, by applying Lemma 3.8 repeatedly, we have a connected component Γ of Γ with an embedding ψ : (G (ι(P 3 )) ) → G(Γ ) with condition (KK). By supp(ψ(u i )) (i = 1, 2, 3), we denote the subset of V (Γ ) representing a shortest word of ψ(u i ) with respect to the group presentation G(Γ ) defined in Section 1. Note that the subgroup u 1 , u 3 of G(ι(P 3 )) is isomorphic to Z 2 . Therefore #(supp(ψ(u 1 )) ∪ supp(ψ(u 3 ))) ≥ 2. Pick a pair of vertices v 1 ∈ supp(ψ(u 1 )) and v 3 ∈ supp(ψ(u 3 )) with v 1 = v 3 . Since Γ is connected, there is an edge-path P in Γ connecting v 1 with v 3 . The fact that ψ(u 1 ) and ψ(u 3 ) are commutative, together with (KK) condition of ψ, implies that any pair of vertices in supp(ψ(u 1 )) ∪ supp(ψ(u 3 )) do not span an edge in Γ . Hence, the edge-path P must contains at least three vertices. Then we have a sub-path (v 1 , v 2 , v 3 ) such that v i ∈ supp(ψ(u i )) with {v 1 , v 2 }, {v 2 , v 3 } ∈ E(Γ ). Note that the vertices v 1 and v 3 are commutative in G(Γ ), because the vertices u 1 and u 3 are commutative in G(ι(P 3 )) (see [13, Lemma 2.2] ). Hence, the endpoints v 1 and v 3 of P do not span an edge in Γ , and therefore (v 1 , v 2 , v 3 ) induces P 3 in Γ . Thus, by setting ι : P 3 → Γ ; u i → v i we have a desired lift of ι.
Case n > 3. As in the proof of case n = 3, by taking a sufficiently high power of ψ, we have an embedding ψ : G(Λ) → G(Γ) with condition (KK). By applying [13, Lemma 4 .2], we have that there is a full embeddingι : P n → Γ such that ι = φ •ι.
Cases n = 1 and n = 2 in the above lemma say that the multi-valued homomorphism induced by an embedding of a right-angled Artin group is surjective with respect to the vertex set and the edge set.
Proof. Suppose that G(P n ) → Mod(S g,p ). Then, by Theorem 3.2, we have an embedding ψ : G(P n ) → Mod(S g,p ) with condition (KK). Proposition 3.4 implies that ψ induces a multi-valued homomorphism from a finite induced subgraph Γ of C(S g,p ) to P n . Proposition 3.9 now completes this proof.
Proofs of theorems 1.3 and 1.4
We note that even if we use punctures instead of boundary components, the results in Section 2 also hold. Hence we will apply the results in Section 2 for the orientable surfaces of genus g with p punctures.
We first prove Theorem 1.3.
Proof of Theorem 1.3. Suppose that S g,p is a sphere with ≤ 3 punctures. Then the mapping class group is finite, and therefore embedded right-angled Artin group must be trivial. 
Proof. Koberda's embedding theorem [17, Theorem 1.1] together with Figure 7 shows that "if part" of the assertion. Let us prove "only if part". Suppose that
. In either case, we obtain the required result.
By PMod(S g,p ), we denote the pure mapping class group of S g,p , which is the kernel of the natural homomorphism Mod(S g,p ) → S p . Here, S p is the permutation group on the set of p punctures P = {∞ 1 , ∞ 2 , . . . , ∞ p } and the natural homomorphism is induced by the action of Mod(S g,p ) to
By the definition, the pure mapping class group is a finite index subgroup of the mapping class group. We now turn to consider embeddings of G(P m ) and G(C m ) into braid groups. Proof. By a result due to Clay-Leininger-Margalit [7, Theorem 10], we have P B p ∼ = PMod(S 0,p+1 ) × Z. Suppose that G ≤ B p . Then, since P B p is a finite index subgroup of B p , we have G ≤ P B p by Lemma 3.1 (2) . Moreover, since G is centerless, the natural homomorphism G → P B p /Z ∼ = PMod(S 0,p+1 ) is an embedding. Hence, G ≤ Mod (S 0,p+1 ) .
Suppose that G ≤ Mod(S 0,p+1 ). Then, since PMod(S 0,p+1 ) is a finite index subgroup of Mod(S 0,p+1 ), we have G ≤ PMod(S 0,p+1 ) ≤ P B p ≤ B p by Lemma 3.1 (2).
We now turn to prove Theorem 1.4. Case p = 2. Since B 2 ∼ = Z, embedded right-angled Artin group must be infinite cyclic.
Case p ≥ 3. Since the defining graph of any right-angled Artin group with non-trivial center contains an isolated vertex (a vertex non-adjacent to the other vertices) [3, Lemma 5.1], the right-angled Artin group G(P m ) (m ≥ 2) is centerless. By Theorem 1.3 and Lemma 4.2, we obtain the desired result.
(2) Case p ≤ 2. B p does not contain a free group of rank ≥ 2. On the other hand, G(C m ) (m ≥ 3) contains a free group of rank ≥ 2.
Case p = 3. B 3 is isomorphic to the trefoil knot group. [11, Theorem 1.4 (2)] gives a classification of right-angled Artin groups embedded in the torus knot groups. According to this result, G(
Case p ≥ 4. Note that G(C m ) (m ≥ 3) is centerless. An argument similar as in the proof of (1) together with Proposition 4.1 shows the assertion.
Virtual embeddability between mapping class groups
In this last section, we introduce some applications of Theorem 1.3 and 1.4 to embeddings between finite index subgroups of mapping class groups. Recall that ξ(S g,p ) is the topological complexity of S g,p , which is the maximum rank of the free abelian subgroups in Mod(S g,p ) and the quantity (S g,p ) = (S p g ) is the maximum length of the linear chains on S g,p , which is computed in Section 2.
Proof of Theorem 1.5. (1) Suppose that the braid group B 2g+1 is virtually embedded into Mod(S g ,0 ).
Case g = 0 and g = 1. If g = 0, then g always satisfies the desired inequality g ≥ g. Hence, we assume that g = 1. Then B 3 contains the infinite cyclic subgroup, and hence no finite index subgroup of B 3 is embedded in Mod(S 0,0 ). Thus g ≥ 1.
Case g ≥ 2. Let H be a finite index subgroup of B 2g+1 which is contained in Mod(S g ,0 ). By Theorem 1.4 (1) and Lemma 3.1, B 2g+1 contains G(P 2g+1 ) and therefore H also contains G(P 2g+1 ). Hence, G(P 2g+1 ) ≤ Mod(S g ,0 ). By Theorem 1.3, the maximum m such that G(P m ) ≤ Mod(S g ,0 ) is equal to one of the following: 0 (if g = 0), 2 (if g = 1) and 2g + 1 (if g ≥ 2). Hence, g ≥ 2 implies g ≥ 2. Thus we have g ≥ g, as desired.
(2) Suppose that B 2g+1 is virtually embedded into Mod(S is the center generated by the Dehn twist along a closed curve which is isotopic into the boundary [8, Proposition 3.19] , and since G(P 2g+1 ) is centerless, we have that G(P 2g+1 ) ≤ Mod (S g ,1 ) . By Theorem 1.3, the maximum m such that G(P 2g+1 ) ≤ Mod(S g ,1 ) is one of the following: 0 (if g = 0), 2 (if g = 1) and 2g + 2 (if g ≥ 2). Hence, our assumption g ≥ 2 implies g ≥ 2, and so we have 2g + 1 ≤ 2g + 2. Thus we obtain g ≤ g , as desired. (3) and (4) can be treated similarly.
Remark 5.1. Note that B 2g+1 contains Z 2g as a subgroup. On the other hand, the maximum rank of the free abelian subgroup of Mod(S 1,0 ) (resp. Mod(S 2,0 )) is 1 (resp. 3). Therefore no finite index subgroup of B 3 (resp. B 5 ) is embedded in Mod(S 1,0 ) (resp. Mod(S 2,0 )). Thus the inequality g ≥ g + 1 holds in the assertion of Theorem 1.5 (1) when g = 1 or 2. The authors anticipate that no finite index subgroup of B 2g+1 is embedded in Mod(S g ,0 ) for all g and g with 1 ≤ g ≤ g.
Now, Corollary 1.7 can be deduced from the following theorem. is embedded in Mod(S g ,p ) , then the following inequalities hold:
(1) ξ(S g,p ) ≤ ξ(S g ,p ), (2) (S g,p ) ≤ (S g ,p ).
Proof. Suppose that a finite index subgroup H of Mod(S g,p ) is embedded in Mod(S g ,p ). By Theorem 1.3 (resp. Birman-Lubotzky-McCarty's result), we can see that G(P (Sg,p) ) ≤ Mod(S g,p ) (resp. Z ξ(Sg,p) ≤ Mod(S g,p )). Since H is of finite index, we have that G(P (Sg,p) ) ≤ H (resp. Z ξ(Sg,p) ≤ H) by Lemma 3.1. Hence, G(P (Sg,p) ) ≤ H ≤ Mod(S g ,p ) (resp. Z ξ(Sg,p) ≤ H ≤ Mod(S g ,p )). Thus, by Theorem 1.3 (resp. Birman-Lubotzky-McCarty's theorem), the desired inequality (2) (resp. (1)) holds.
We finish this paper by proving Theorem 1.6.
Proof of Theorem 1.6. Suppose that p ≤ 2g + 2. We will prove that Mod(S 0,p ) is virtually embedded in Mod(S g,0 ).
Case p ≤ 2g + 1. We first observe that B 2g is embedded in Mod(S g,0 ). By a theorem due to Birman-Hilden, we can show that B 2g is embedded in Mod(S Case p = 2g + 2. In this case, the symmetric subgroup SMod(S g,0 ) of Mod(S g,0 ) with respect to a hyper-elliptic involution ι has a projection onto Mod(S 0,2g+2 ) with the kernel ι (see [8, Chapter 9.4] ). Consider a finite index subgroup H of Mod(S g,0 ) which does not contain ι. Residual finiteness of Mod(S g,0 ) guarantees the existence of such H. Then H ∩ SMod(S g,0 ) is a finite index subgroup of SMod(S g,0 ) avoiding ι. Hence, H ∩ SMod(S g,0 ) is embedded in Mod(S 0,2g+2 ) as a finite index subgroup. Consequently, we have that Mod(S 0,2g+2 ) is virtually embedded in Mod(S g,0 ) .
We next suppose that Mod(S 0,p ) is virtually embedded in Mod(S g,0 ). Then, since Mod(S 0,p ) contains the right-angled Artin group G(P p−1 ) by Theorem 1.3, the mapping class group Mod(S g,0 ) also contains G(P p−1 ). This fact together with Theorem 1.3 implies that p−1 ≤ 2g+1, and therefore we have the desired inequality p ≤ 2g + 2.
